Abstract. In the paper of Keller and Reiten, it was shown that the quotient of a triangulated category (with some conditions) by a cluster tilting subcategory becomes an abelian category. After that, Koenig and Zhu showed in detail, how the abelian structure is given on this quotient category, in a more abstract setting. On the other hand, as is well known since 1980s, the heart of any tstructure is abelian. We unify these two construction by using the notion of a cotorsion pair. To any cotorsion pair in a triangulated category, we can naturally associate an abelian category, which gives back each of the above two abelian categories, when the cotorsion pair comes from a cluster tilting subcategory, or is a t-structure, respectively.
Introduction
Throughout this paper, we fix a triangulated category C. For any category K, we write abbreviately K ∈ K, to indicate that K is an object of K.
For any K, L ∈ K, let K(K, L) denote the set of morphisms from K to L. If M, N are full subcategories of K, then K(M, N ) = 0 means that K(M, N ) = 0 for any M ∈ M and N ∈ N .
Similarly, K(K, N ) = 0 means K(K, N ) = 0 for any N ∈ N . When K admits Ext ℓ , similarly for Ext ℓ (M, N ) = 0 and Ext ℓ (K, N ) = 0 for any integer ℓ.
As is well known, if (T ≤0 , T ≥0 ) is a t-structure on C, then its heart H = T ≤0 ∩ T ≥0 becomes an abelian category [BBD] . Put T ≤n := T ≤0 [−n], T ≥n := T ≥0 [−n] for an integer n. By definition, a t-structure is a pair of full additive thick subcategories (T ≤0 , T ≥0 ) of C satisfying (t-1) C(T ≤0 , T ≥1 ) = 0, (t-2) T ≤0 ⊆ T ≤1 and T ≥1 ⊆ T ≥0 , (t-3) For any C ∈ C, there exists a distinguished triangle
On the other hand, in [KZ] , Koenig and Zhu showed that for any cluster tilting subcategory T of C, the quotient category C/T carries a naturally induced abelian
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The author wishes to thank Professor Bernhard Keller and Professor Osamu Iyama for their useful comments and advices, especially on the terminology. structure. Originally, an equivalence between the quotient of a triangulated category and a certain module category was shown in [BMR] for the quotient by a full additive thick subcategory associated to a tilting object in C, and then in [KR] , for the quotients by a cluster tilting subcategory.
By definition ( [KR] , [KZ] ), a full additive thick subcategory T of C is a cluster tilting subcategory if it satisfies (s-1) T is functorially finite (cf. [BR] ), (s-2) C ∈ T if and only if Ext 1 (C, T ) = 0, (s-3) C ∈ T if and only if Ext 1 (T , C) = 0. By (s-1), it can be easily shown that a cluster tilting subcategory also satisfies the following for any C ∈ C: (s-1)
′ For any C ∈ C, there exists a distinguished triangle
To unify these two, we introduce the notion of a cotorsion pair (Definition 2.1). To any cotorsion pair (U, V) in C, we can naturally associate a subfactor category
As a main theorem, we show H carries an induced abelian structure (Theorem 6.4). In fact, this construction generalizes the above abelian categories, in the following sense (Proposition 2.6 and Example 3.8):
) becomes a t-structure, and H agrees with the heart of (U[−1], V).
-If (U, V) satisfies U = V, then T := U = V becomes a cluster tilting subcategory of C, and H agrees with C/T .
Preliminaries
Definition 2.1. Let U and V be full additive thick subcategories of C. We call (U, V) a cotorsion pair if it satisfies the following.
(1) Ext 1 (U, V) = 0, (2) For any C ∈ C, there exists a (not necessarily unique) distinguished triangle
satisfying U ∈ U and V ∈ V. For any cotorsion pair (U, V), put
Remark 2.2. A pair (U, V) of full additive thick subcategories of C is a cotorsion pair if and only if (U[−1], V) is a torsion theory (or a torsion pair) in [IY] . (Unlike [BR] , it does not require the shift-closedness.) In this sense, a cotorsion pair is nothing other than a torsion theory with U shifted by −1, and thus not a new notion. However we prefer the above definition, just for the sake of the duality in the index of shifts.
Remark 2.3. A pair (U, V) of full additive subcategories of C is a cotorsion pair if and only if it satisfies the following conditions for any C ∈ C.
(1) C belongs to U if and only if Ext 1 (C, V) = 0, (2) C belongs to V if and only if Ext 1 (U, C) = 0, (3) For any C ∈ C, there exists a (not necessarily unique) distinguished triangle
satisfying U ∈ U and V ∈ V.
Remark 2.4. Let (U, V) be a cotorsion pair in C.
(1) For any C ∈ C and any n ∈ Z, C admits a distinguished triangle
with U ∈ U, V ∈ V. (2) For any n ∈ Z, each U[n] and V[n] is closed under extensions and direct summands. (3) W becomes an additive full subcategory of C, closed under direct sums and direct summands, satisfying
Example 2.5.
becomes a cotorsion pair. In this case, W = 0. (2) If T is a cluster tilting subcategory of C, then
becomes a cotorsion pair. In this case, W = T .
Remark that Ext
The following proposition shows that t-structures and cluster tilting subcategories are characterized as two extremal examples of cotorsion pairs. Proposition 2.6. Let (U, V) be a cotorsion pair.
( (2) The 'only if' part is trivial. To show the converse, put T := U = V. As in [KZ] (Definition 3.1 and Lemma 3.2), it suffices to show T is contravariantly finite. But this immediately follows from the fact that any object C ∈ C admits a distinguished triangle
for some T ∈ U = T and T ′ ∈ V = T .
Definition 2.7. (cf. § §2.1 in [KZ] ) Let (U, V) be a cotorsion pair in C, and W := U ∩ V. We denote the quotient of C by W as
Namely, Ob(C) = Ob(C), and for any A, B ∈ C,
For any morphism f ∈ C(A, B), we denote its image in C(A, B) by f . This defines an additive functor ( ) : C → C . Since U ⊇ W and V ⊇ W, we also have additive full subcategories of C U := U/W and V := V/W. Remark 2.8. Since W is closed under direct summands, for any C ∈ C we have
Since Ext 1 (W, W) = 0, Theorem 2.3 in [KZ] can be applied. Compare with Proposition 6.1.
Fact 2.9. (Theorem 2.3 in [KZ] ) Let C, (U, V) and W be as above. For any distinguished triangle
, the following hold.
(1) g is epimorphic in C if and only if h = 0, (2) g is monomorphic in C if and only if f = 0.
Let (U, V) be a cotorsion pair in the following.
Proposition 2.10.
(1) For any U ∈ U, C ∈ C and any f ∈ C(
Namely, we have
In particular, C ∈ V if and only if C(U [−1], C) = 0 for any U ∈ U. (2) Dually, for any V ∈ V and any C ∈ C, we have
In particular, C ∈ U if and only if C(C,
Proof.
(1) By definition, f = 0 if and only if f factors through some W ∈ W. Since
Lemma 2.11. For any cotorsion pair (U, V), we have
Proof. Let f ∈ C(U, V ) be a morphism, where U ∈ U and V ∈ V. By condition (2) in Definition 2.1, we can form a distinguished triangle
where
3. Definition of C + and C − Lemma 3.1. Let f : A → B be any morphism in C.
(1) Let
compatible with f , uniquely up to W.
Proof. We only show (1). Existence immediately follows from
By Lemma 2.11 we have w = 0, and thus f
(1) For any distinguished triangles
satisfying U, U ′ ∈ U and V, V ′ ∈ V, there exists a morphism s ∈ C(U, U ′ ) compatible with u and u ′ , such that s is an isomorphism.
are isomorphic in C.
Proof. This immediately follows from Lemma 3.1.
Corollary 3.3. For any C ∈ C, the following are equivalent.
(1) There exists a distinguished triangle
(2) Any distinguished triangle
Proof. Suppose (1) holds. By Proposition 3.2, we have U ∼ = W 0 in C. By Remark 2.8, this means U ∈ W. The converse is trivial.
Dually, we have the following:
Corollary 3.4. For any C ∈ C, the following are equivalent.
Definition 3.5.
(1) C + is defined to be the full subcategory of C, consisting of objects satisfying equivalent conditions of Corollary 3.3.
(2) C − is defined to be the full subcategory of C, consisting of objects satisfying equivalent conditions of Corollary 3.4.
Remark 3.6. The following are satisfied.
(1) Each of C + and C − is an additive full subcategory of C containing W.
Definition 3.7. For any cotorsion pair (U, V), put H := C + ∩ C − . Since H ⊇ W, we have an additive full subcategory
which we call the heart of (U, V).
Example 3.8.
) is a t-structure, then we have
Thus the definition of the heart agrees with that of a t-structure. Thus H is abelian, and admits a cohomological functor H 0 : C → H (cf. [BBD] ). (2) If U = V = T is a cluster tilting subcategory of C, then we have
By [KZ] , H becomes an abelian category, and the quotient functor ( ) : C → C/T = H is cohomological.
Existence of (co)reflections
Since C + ∩ C − = H ⊇ W, we have additive full subcategories of C 
A coreflection is defined dually.
Construction 4.2. For any C ∈ C, consider a diagram
also becomes a distinguished triangle. Thus Z C belongs to C + .
Proposition 4.3. In the notation of Construction 4.2, for any C ∈ C,
Proof. Let Y be any object in C + , and let y ∈ C(C, Y ) be any morphism. It suffices to show that there exists a unique morphism
In fact, q can be chosen to satisfy q • z C = y.
First, we show the existence. Since
To show the uniqueness, suppose q, q ′ ∈ C(Z C , Y ) satisfies
Thus we have a morphism of triangles
Corollary 4.4. (Proposition 3.1.2 and Proposition 3.1.3 in [B] ) (1) Since (Z C , z C ) is a reflection of C along C + ֒→ C, it is determined up to a canonical isomorphism in C + . (2) As in [B] , if we allow the axiom of choice, we obtain a left adjoint σ : C → C + of the inclusion C + i + ֒→ C. If we denote the adjunction by η : Id C =⇒ i + • σ, then there exists a canonical isomorphism Z C ∼ = σ(C) in C, compatible with z C and η C .
Dually, we have the following:
Remark 4.5. For any C ∈ C, if we take a diagram
where all 180
• composition of arrows are distinguished triangles, then k C : K C → C gives a coreflection of C along C − ֒→ C. Thus K C is uniquely determined up to a canonical isomorphism in C − . Moreover if we allow the axiom of choice, we obtain a right adjoint of C − ֒→ C.
Lemma 4.6. In the notation of Construction 4.2, if C belongs to C − , then Z C belongs to H.
Dually, C ∈ C + implies K C ∈ H (in the notation of Remark 4.5).
Proof. We only show the former half. The latter is shown dually. Let
be distinguished triangles satisfying U, U Z ∈ U and V, V Z ∈ V. By assumption, V ∈ W. It suffices to show V Z ∈ W.
In the notation of Construction 4.2, complete z C • u :
By the octahedron axiom, we also have a distinguished triangle
and thus Q ∈ U.
, we obtain a morphism of triangles
Existence of (co-)kernels
Lemma 5.1. Let A f −→ B be any morphism in C. Take a diagram
Then we have the following.
(
(1) This immediately follows from V A ∈ W.
(2) Take distinguished triangles
there exists a morphism of triangles
satisfies the following property:
( * ) For any C ∈ C and any morphism g ∈ C(B, C)
Corollary 5.4. In H, any morphism has a cokernel and a kernel.
Proof. We only show the construction of the cokernel. For any A, B ∈ H and any f ∈ C(A, B), define m f : B → M f as in Lemma 5.1. Since A, B ∈ C − , it follows
We claim that z M • m f : B → Z M is the cokernel of f . Let S be any object in H, and let s ∈ C(B, S) be any morphism satisfying s • f = 0.
It suffices to show that there uniquely exists t ∈ H(Z M , S) such that
This follows immediately from Proposition 4.3 and Proposition 5.3.
Abelianess of the heart
In this section, as the main theorem, we show that the heart H becomes an abelian category, for any cotorsion pair (U, V). Although propositions and lemmas in this section could be applied for objects in C + or C − (with certain modifications of the statement), we mainly consider objects in H.
Proposition 6.1. Let B, C ∈ H, and let
be a distinguished triangle in C. Let m g : C → M g be as in Lemma 5.1. Then the following are equivalent.
(1) g is epimorphic in H.
(2) g is epimorphic in C + .
The dual statement also holds for monomorphisms.
Proof. First, we show the equivalence of (1) and (2). Obviously, (2) implies (1). To show the converse, let S be any object in C + , and s ∈ C(C, S) be any morphism. Let k S : K S → S be the morphism defined in Remark 4.5, which gives a coreflection of S along C − ֒→ C. By Lemma 4.6, K S ∈ H. By Remark 4.5, there exists
and we have
By (1), we have
Thus s = 0 if and only if s • g = 0, i.e., g is epimorphic in C + .
Second, we show that (2) implies (3). By Proposition 5.3, for any S ∈ C + we have an isomorphism
Third, we show that (3) implies (4). This immediately follows from Proposition 2.10, since V[1] ⊆ C + . Finally, we show that (4) implies (3). Suppose
factors through U S ∈ W, which means s = 0.
Lemma 6.2. Let B, C ∈ H, and let
be a distinguished triangle in C. Take a diagram
Proof. Let C mg −→ M g be as in Lemma 5.1. Remark h factors m g . 
Lemma 6.3. In the notation of Lemma 6.2, if g is epimorphic in H, then A belongs to C − .
Proof. We use the notation of Lemma 6.2. By the same lemma, there exists
It suffices to show V A ∈ W. By assumption V B ∈ W and thus for any
is an abelian category.
Proof. Since H is an additive category with (co-)kernels (Corollary 5.4), it remains to show the following:
(1) If g is epimorphic in H, then g is a cokernel of some morphism in H.
(2) If g is monomorphic in H, then g is a kernel of some morphism in H.
Since (2) can be shown dually, we only show (1).
Complete g into a distinguished triangle
in C. By Lemma 6.3, we have A ∈ C − . By Proposition 4.3, there exists
We claim that g = cok(b). Let S be any object in H, and s ∈ C(B, S) be any morphism. By So it suffices to show for any s satisfying s • f = 0, there uniquely exists c ∈ C(C, S) such that c • g = s.
Uniqueness immediately follows from the fact that g is epimorphic. So it remains to show the existence of c. Since A ∈ C − , there exists a distinguished triangle 
Existence of enough projectives/injectives
Lemma 7.1. For any cotorsion pair (U, V), the following are equivalent.
(1) U ⊆ V.
(2) W = U.
(3) C + = C.
Proof. Left to the reader. Proof. Let B and C be any objects in H and let p ∈ C(P, C) be any morphism. Let g ∈ C(B, C) be any morphism which is epimorphic in H, and take a distinguished triangle
By Proposition 6.1 and Lemma 7.1, g is epimorphic in C. By Fact 2.9, this is equivalent to h = 0. Thus h factors through some W ∈ W. Since C(P, W ) ⊆ Ext 1 (U, V) = 0, we have h • p = 0, and p factors through B as desired.
Corollary 7.4. If a cotorsion pair (U, V) satisfies U ⊆ V, then its heart H has enough projectives.
Proof. By definition, for any C ∈ H, there exists a distinguished triangle
with U ∈ U, V ∈ V. Since v = 0 by C(C, V ) = 0 (Lemma 2.11), u is epimorphic in C, and thus in H. Thus Corollary 7.4 follows from Corollary 7.2 and Proposition 7.3.
Dually, we have the following.
Corollary 7.5. If a cotorsion pair (U, V) satisfies V ⊆ U, then its heart H has enough injectives.
